1
The semilinear elliptic partial differential equation (1) in Q satisfying the boundary condition u(x) = 0 on dQ (void if Q = R N ), and to obtain asymptotic estimates as |x| -> oo.
The physical importance of the Klein-Gordon prototype
arises in particular from nonlinear field theory; the existence of solitary waves and asymptotic behavior as |x| -» oo follow from our theorems. It is assumed in (3) that p and q are nonnegative, bounded, and locally Holder continuous in Q, 1 < 7 < /3, and 6 = ±1. The Hypotheses (F') below are all satisfied if <5 = H-l and p/q is bounded and bounded away from zero in Q. Hypotheses (F) are all satisfied if 6 = -1, 0 < {N + 2)/{N -2), N > 3, and q(x) > 0.
HYPOTHESES F (UNBOUNDED NONLINEARITY)
(fi) ƒ € Cg )C (n X R) and /(x, t) is locally Lipschitz continuous with respect to t for all x G 0.
(f 2 ) There exist positive constants Si > 1 and nonnegative, bounded continuous functions fi€L 2 Q, i = 1,..., I, such that We also prove analogous theorems without the uniform positivity hypothesis on 6(x), e.g. b(x) can be identically zero, or even have negative values.
UNIQUENESS THEOREM 3. Suppose in addition to (F') that f{x,t)/t is bounded in fi X (0, T] and that ƒ (x, t)/t -•
To prove Theorem 1, we first construct a sequence of solutions U n of Dirichlet problems on bounded subdomains fi n of fi, n = 1,2,..., using a variational method of Ambrosetti and Rabinowitz [1] . Let u n denote the extension of U n to fi defined to be 0 in fi\fi n . Using (F) and the variational characterization of U n we prove that the sequence of Dirichlet norms ||^n||i,2,n is uniformly bounded and uniformly positive. Then a priori estimates, embedding theorems, and a "bootstrap procedure" establish the convergence of a subsequence of {u n } locally uniformly in C 2 (fi) to a solution u(x) of (1) satisfying u(x) = 0 identically on dfi. Furthermore, these techniques imply that there exists a positive constant C, independent of x, such that both [5] , Berger and Schechter [6] and Strauss [10] in three directions: general coefficients (i.e. not necessarily constant or radially symmetric), general domains, and problems with boundary conditions. We prove Theorem 2 by first constructing subsolutions w n of Dirichlet problems in bounded domains fi n , n = 1,2,..., possible for X > X* > 0 because of a theorem of Rabinowitz [9, p. 177 ] and a new extension result. Then there exists a sequence of solutions u n of (1) in fi n squeezed between w n and the constant supersolution T by a theorem of Amann [2, p. 283] , and u n is extended by the definition u n = 0 in fi\fi n . Following our method in [8] we use L p -estimates, Sobolev embedding, and Schauder estimates to prove that ||^n|| C 72+a/jg) is uniformly bounded with respect to n for any bounded domain M c fi. Then a compactness argument shows that a subsequence of {u n } converges to a bounded positive solution of (4) for X > X*. Theorems 3 and 4 can then be established with the aid of Kato's a priori estimates [7, p. 415] .
